In real situations all observations and measurements are not exact numbers but more or less non-exact, also called fuzzy. So, in this paper, we use approximate non-Bayesian computational methods to estimate inverse Weibull parameters and reliability function with fuzzy data. The maximum likelihood and moment estimations are obtained as nonBayesian estimation. The maximum likelihood estimators have been derived numerically based on two iterative techniques namely "Newton-Raphson" and the "ExpectationMaximization" techniques. In addition, we provide compared numerically through MonteCarlo simulation study to obtained estimates of the parameters and reliability function in terms of their mean squared error values and integrated mean squared error values respectively.
The cumulative distribution function(CDF), reliability function is given respectively by:
; , ; 0, , 0 … 2
where is the shape parameter and is the scale parameter.
Definition [9] : let ℝ , , P be a probability space in which is the σ field of Borel sets in ℝ and P is a probability measure over ℝ . Then, the probability of a fuzzy event A in ℝ is defined by:
In particular, suppose that P be the probability distribution of a continuous random variable with PDF .The conditional density of given is given by:
Fuzzy Data and the Likelihood Function
Let x x , x , … , x be an (i.i.d.) random vector of a random sample of size from inverse Weibull distribution with PDF given by (1) . If an observations of was known exactly, then the complete-data likelihood function is:
, ;
, , Now consider the problem where x is not observed precisely and only partial information about x is available in the form of a fuzzy subset x with the Borel measurable membership function . The observed-data natural log-likelihood function can be obtained, using Zadeh's definition of the probability of a fuzzy event in the expression (5) as:
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Maximum likelihood Estimations
Differentiating the natural log-likelihood function ℓ β, λ; x , given by (7), partially with respect to β and λ and then equating to zero we have:
The maximum likelihood estimates (MLEs) of and are the solution of the likelihood equations (8) and (9) . Since there is no closed form of the solutions, an iterative approximation technique can be used to obtain the MLEs. In the following, we consider two iterative approximation techniques namely the expectation-maximization (EM) algorithm and Newton Raphson (NR) algorithm. Dempster et al. (1977) [2] presented a general approach to iterative computation of maximum-likelihood estimates when the observations can be viewed as incomplete data. Now, since the observed fuzzy data can be seen as an incomplete specification of a complete data vector x, the EM algorithm is appropriate to find the MLEs of the unknown parameters [3] [5] . Form equation (6) , the natural log-likelihood function for x becomes: The EM algorithm is given by the following iterative process: 1. Set ℎ 0 and initial values of and λ, say and λ . 2. At iteration h 1 , compute the E and M steps. 3. Repeat step (2) until the convergence occurs, i.e. the absolute difference between two successive iterations is less than ε for some pre-fixed ε 0. when the convergence occurs then the present β and λ be the MLEs of and via EM algorithm which we referred to as β , λ .
Expectation-Maximization Algorithm

E-step:
The E-step of the EM algorithm at iteration h 1 requires to compute the following conditional expectations using the expression (5), where the conditional expectations of X given x is computed as:
The M-step of EM algorithm involves maximizing equation (11) with respect to β and λ. This is easily achieved by differentiating equation (11) partially with respect to β and λ and then equating to zero which implies that: 
Newton-Raphson Algorithm
The steps of the NR algorithm are [5] [7]: 1. Set ℎ 0 and initial values of and λ, say and λ . 2. At iteration ℎ 1 , estimate the new value of β and λ, as:
where the first-order derivatives of the natural log-likelihood with respect to β and λ , required for proceeding with the NR algorithm, are obtained as in (8) and (9) and the second-order derivatives are obtained as follows. 3. Repeat step (2) until the convergence occurs. When the convergence occurs then the present β and λ be the MLEs of β and λ via NR algorithm which we referred to as β , λ .
Now, depending on the invariant property of MLE, the MLE of the reliability function of inverse Weibull distribution via EM and NR algorithms, denoted by R t and R t respectively, can be obtained by replacing β and λ in (3) by their MLE estimates as:
Moment Estimations
The method of moments is one the oldest method for deriving point estimators. The moment estimates for β and λ of inverse Weibull distribution can be found by the following two equations which are obtained by equating the first and the second population moments to the corresponding sample moments, that is:
Note that, the direct form of the solutions to equations (25) and (26) could not be obtained. However, by using an iterative numerical process, we can obtain the parameter estimates as described below:
Step (1) Set ℎ 0 and initial values of and λ, say and λ .
Step (2) At h 1 iteration, using the expression (5) Step (3) Solve the following equation for β, based on equations (25) and (26), to obtain the solution as β ,
Step (4) Obtain the solution for λ, say λ , through the following equation,
Step (5) Setting h h 1, repeat step (2) to step (4) until convergence occurs. When the convergence occurs then the present β and λ be the moment estimates of β and λ which we referred to as β , λ .
Now, depending on the moment estimates of the shape and scale parameters, the approximated moment estimate of the reliability function of inverse Weibull distribution at mission time t, denoted by R t , can be obtained by replacing β and λ in equation (3) by their moment estimates as: R t 1 e ; t 0 … 27
Simulation Study
In trying to illustrate and compare the algorithms as described above, a Monte-Carlo simulation study was perform to generate an independent identical distributed random samples, say x, according to inverse Weibull distribution through the adoption of inverse transformation method with size n = 20, 30 and 90 to take care of small, medium and large data sets. The number of sample replicated chosen to be (100). The shape parameter was chosen to be 3, 2.1, 1 and 0. The initial values required for proceeding with the Expectation-Maximization , NewtonRaphson algorithms and moment method chosen to be the symmetrical rank regression estimators and the iterative process stops when the absolute difference between two successive iterations becomes less than ε 0.0001. : is the number of sample replicated.
: is the number of times chosen to be (4) where 1,2,3,4 .
: is the estimates of at the replicate (run) and time.
Conclusions and Recommendations
Approximate maximum likelihood and moment estimations as non-Bayesian estimations have been used to estimate the parameters and reliability function of inverse Weibull distribution according to fuzzy data. The maximum likelihood estimators have been derived numerically based on two iterative techniques namely "Newton-Raphson" and the "Expectation-Maximization" techniques. In addition, we provide compared numerically through Monte-Carlo simulation study to obtained estimates of the parameters and reliability function in terms of their mean squared error (MSE) values and integrated mean squared error (IMSE) values respectively. The most important conclusions of Monte-Carlo simulation results are:
Table (1): The maximum likelihood estimates based on Newton-Raphson algorithm introduced the best perform compared with other estimates with different values of the shape and scale parameters for all sample sizes except for small sample size with parameters, β 3, λ 0.5 and β 3, λ 3 . Table ( 2): The maximum likelihood estimates based on Newton-Raphson algorithm introduced the best perform compared with other estimates for all sample sizes except for large sample size with parameters β 2.1, λ 1, where Moment estimate is the best. introduced the best perform compared with other non-Bayes estimates for all sample sizes with β=3 and λ=3 as well as for small and large sample sizes with β 2.1 and λ 3. Tables 1, 2 and 3 clearly show that as the sample size increases, the MSE and IMSE values of the estimates decrease. Based on this, we recommend, Using the maximum likelihood estimates based on Newton-Raphson algorithm for estimating the shape parameter of the inverse Weibull distribution especially with moderate and large sample sizes and we have to be careful in choosing the approximation techniques for estimating the shape parameter of this distribution when dealing with small sample size. Using the maximum likelihood estimates based on Newton-Raphson algorithm for estimating the scale parameter of the inverse Weibull distribution especially with small and moderate sizes and we have to be careful in choosing the approximation techniques for estimating the scale parameter of this distribution when dealing with large sample size. Using the maximum likelihood estimates based on Newton-Raphson algorithm for estimating the reliability function of the inverse Weibull distribution with β 2.1, 3 and λ 0.5, 1 and using the maximum likelihood estimates based on ExpectationMaximization algorithm with β 3 and λ 3 . 
